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A GKM DESCRIPTION OF THE EQUIVARIANT 
COHOMOLOGY RING OF A HOMOGENEOUS SPACE 


V. GUILLEMIN, T. HOLM, AND C. ZARA 

Abstract. Let T be a torus of dimension n > 1 and M a compact 
T—manifold. M is a GKM manifold if the set of zero dimensional orbits 
in the orbit space M jT is zero dimensional and the set of one dimensional 
orbits in M/T is one dimensional. For such a manifold these sets of 
orbits have the structure of a labelled graph and it is known that a lot 
of topological information about M is encoded in this graph. 

In this paper we prove that every compact homogeneous space M of 
non-zero Euler characteristic is of GKM type and show that the graph 
associated with M encodes geometric information about M as well as 
topological information. For example, from this graph one can detect 
whether M admits an invariant complex structure or an invariant almost 
complex structure. 
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1. Introduction 

Let T be a torus of dimension n > 1, M a compact manifold, 

T : T X M ^ M 

a faithful action of T on M, and M/T the orbit space of r. M is called 
a GKM manifold if the set of zero dimensional orbits in the orbit space 
M/T is zero dimensional and the set of one dimensional orbits in M/T is 
one dimensional. Under these hypotheses, the union, F C M/T, of the 
set of zero and one dimensional orbits has the structure of a graph: Each 
connected component of the set of one-dimensional orbits has at most two 
zero-dimensional orbits in its closure; so these components can be taken to 
be the edges of a graph and the zero-dimensional orbits to be the vertices. 
Moreover, each edge, e, of F consists of orbits of the same orbitype: namely, 
orbits of the form Oe = T/Hf., where Hg is a codimension one subgroup of 
T. Hence one has a labelling 

( 1 . 1 ) 

of the edges of F by codimension one subgroups of T. 

It has recently been discovered that if M has either a T—invariant com¬ 
plex structure or a T—invariant symplectic structure, the data above - the 
graph F and the labelling (0) - contain a surprisingly large amount of in¬ 
formation about the global topology of M. For instance, Goresky, Kottwitz, 
and MacPherson proved that the ring structure of the equivariant cohomol¬ 
ogy ring H^{M) is completely determined by this data, and Knutson and 
Rosu have shown that the same is true for the ring Kt{M) ® C. 

The manifolds M which we will be considering below will be neither 
complex nor symplectic; however we will make an assumption about them 
which is in some sense much stronger then either of these assumptions. 
We will assume that T is the Cartan subgroup of a compact, semisimple, 
connected Lie group G, and that G acts transitively on M, i.e. M is a 
G-homogeneous space. There is a simple criterion for such a manifold to be 
a GKM manifold. 


Theorem 1.1. Suppose M is a G-homogeneous manifold. Then the follow¬ 
ing are equivalent. 

1. The action of T on M is a GKM action; 

2. The Euler characteristic of M is non-zero; 

3. M is of the form M = G/K, where K is a closed subgroup of G 
containing T. 


As we mentioned above, the data (LI) determine the ring structure of 
Hf{M) if M is either complex or symplectic. This result is, in fact, true 
modulo an assumption which is weaker than either of these assumptions; 
and this assumption - equivariant formality - is satisfied by homogeneous 
spaces which satisfy the hypotheses of the theorem. Hence, for these spaces, 
one has two completely different descriptions of the ring H^{M): the graph 
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theoretical description above and the classical Borel description. In Section ^ 
we will compute the graph F of a space M of the form GjK, with T <Z K, 
and show that it is a homogeneous graph, i.e. we will show that the Weyl 
group of G, Wg-, acts transitively on the vertices of F and that this action 
preserves the labelling Q). We will then use this result to compare the 
two descriptions of 

One of the main goals in this paper is to show that for homogeneous 
manifolds M of GKM type, some important features of the geometry of 
M can be discerned from the graph F and the labelling dOD. One such 
feature is the existence of a G—invariant almost complex structure. The 
subgroups. He, labelling the edges of F are of codimension one in T; so, up 
to sign, they correspond to weights, ag, of the group T. It is known that 


the WV—invariant labelling (O) can be lifted to a invariant labelling 

e^ ae ( 1 . 2 ) 

if M is a coadjoint orbit of G (hence, in particular, a complex G—manifold). 
Moreover, this labelling has certain simple properties which we axiomatize 


by calling a map with these properties an axial function (see Section |3.lD . 
In Section we prove the following result. 

Theorem 1.2. The homogeneous space M admits a G—invariant almost 
complex structure if and only ifT possesses a Wk— invariant axial function 
(1.2) compatible with (OD- 


This raises the issue: Is it possible to detect from the graph theoretic 
properties of the axial function (|1.2[ ) whether or not M admits a G—invariant 
complex structure? Fix a vector G t such that aeif) / 0 for all oriented 
edges, e, of F, and orient these edges by requiring that ae(0 > 0- We prove 
in Section ^ the following theorem. 

Theorem 1.3. A necessary and sufficient condition for M to admit a G—invariant 
complex structure is that there exist no oriented cycles in F. 

Remarks: 

1. M admits a G—invariant complex structure if and only if it admits a 
G—invariant symplectic structure; and, by the Konstant-Kirillov the¬ 
orem, it has either (and hence both) of these properties if and only if 
it is a coadjoint orbit of G. 

2. By the Goresky-Kottwitz-MacPherson theorem, the graph F and the 


axial function (1^) determine the cohomology ring structure of M. 
The additive cohomology of M, i.e. its Betti numbers, fdt, can be 
computed by the following simple recipe: For each vertex, p, of the 
graph F, let ap be the number of oriented edges issuing from p with 
the property that ae(0 < 0- Then 


(3i = 


0 , 


if i is odd, 


CTp = */2}, if i is even. 
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One question we have not addressed in this paper is the question: When 
is a labelled graph the GKM graph of a homogeneous space of the form G/K 
with T <Z K1 For some partial answers to this question see pdo| . 

Acknowledgements: We are grateful to David Vogan for helping us 
formulate and prove the results in Section ^ and to Bert Kostant for pointing 
out to us that a homogeneous space is a quotient of a compact group by a 
closed subgroup of the same rank if and only if its Euler characteristic is 
non-zero, and for making us aware of a number of nice properties of such 
spaces. 

2. The Equivariant Cohomology of Homogeneous Spaces 

2.1. The Borel description. Let G be a compact semi-simple Lie group, 
T a Cartan subgroup of G, A a closed subgroup of G such that 

T C A C G , 

and let t C 6 C g be the Lie algebras of T, A, and G. 

Let Ak C Ag be the roots of A and G, with C A^ sets of positive 
roots, let 

Ag,k = Ag-Ak, 

and let Wk C Wg be the Weyl groups of A and G. We will regard an 
element of Wg both as an element of N{T)/T and as a transformation of 
the dual Lie algebra t* (or as a transformation of t, via the isomorphism 
t* ~ t given by the Killing form). Also, we will assume for simplicity that 
G is simply connected and that the homogeneous space G/K is oriented. 

Now suppose M is a G-manifold. Then the equivariant cohomology ring 
H^{M) is related to the cohomology ring Hq{M) by 

A^(M) = H*GiM) S(T) . 

(see |GS| , Chap. 6]), where S(t*) is the symmetric algebra of t*. In particular, 
let M = G/K, where A acts on G by right multiplication. Then G acts on 
M by left multiplication and 

H*g{M) = H*g{G/K) = S(r)^ = S(T)'^^ , 

hence 

Hif{G/K) = S(T)^^ S(T) . (2.1) 

This is the Borel description of Hf,{G/K). Throughout this paper, unless 
stated otherwise, M is the homogeneous space G/K. 

2.2. The GKM graph of M. In the following subsections, we will show 
that M is equivariantly formal and is a GKM space. Then we will relate 
the the GKM description of the equivariant cohomology ring of M to the 
description above. 
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2.2.1. Equivariant formality. The S(t*)—module structure of the equivariant 

cohomology ring can be computed by a spectral sequence (see [|GS| , 

p. 70]) whose E 2 term is and if this spectral sequence collapses 

at this stage, then M is said to be equivariantly formal. If M = GfK, with 
T <Z K, then, 

= 0 , 

(see ||GHV3| , p. 467]), and from this it is easy to see that all the higher order 
coboundary operators in this spectral sequence have to vanish by simple 
degree considerations. Hence M is equivariantly formal. One implication of 
equivariant formality is the following: 

Theorem 2.1. The restriction map 

( 2 . 2 ) 

is injective. 

Proof. By a localization theorem of Borel (see ||Bo| ]), the kernel of ( ^.2| ) is 
the torsion submodule of H^{M). However, if M is equivariantly formal, 
then is free as an S(t*)—module, so the kernel has to be zero. □ 

Thus imbeds as a subring of the ring 

S(t*) . (2.3) 

We will give an explicit description of this subring in Section |2.3| . 

2.2.2. The Euler charaeteristic. It follows from ( p.3| ) that, if M is a homo¬ 
geneous space of the form GjK, with T T K, then the Euler characteristic 
of M is equal to 

X(M) = J]dim772*(M) ; 
i 

in particular, the Euler characteristic is non-zero. It is easy to see that the 
converse is true as well. 

Proposition 2.1. If M = G/K and the rank of K is strietly less than the 
rank of G, then the Euler characteristic of G/K is zero. 

Proof. Let h be an element of T with the property that 

{h^ ; —00 < N < 00 } 

is dense in T. Suppose that the action oih oxiG/K fixes a coset goK. Then 
g^^hgo G K, i.e. h is conjugate to an element of K and hence conjugate to 
an element hi of the Cartan subgroup Ti of K. However, if the iterates of 
h are dense in T, so must be the iterates of hi and hence Ti = T. Suppose 
now that h = exp^, ^ G t. If h has no fixed points, then the vector field 
can have no zeroes and hence the Euler characteristic of M has to be 
zero. □ 
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2.2.3. The fixed points. We prove in this section that the action of T on M 
is a GKM action; i.e. that the set of zero dimensional orbits in the orbit 
space M/T is zero dimensional, and the set of one dimensional orbits is one 
dimensional. It is easy to see that these properties are equivalent to 

(1) is finite; 

(2) For every codimension one subgroup H of T, dimM^ < 2. 

We will show that if M is of the form GjK, with T T K, then it has the 
two properties above, and we will also show that it has the following third 
property: 

(3) For every subtorus H of T and every connected component X of , 

+ 0 . 

It is well known that these properties hold for the homogeneous space 
O = G/T. The hrst two properties can be checked directly (see [pZl |, 
and the third property holds because O is a compact symplectic manifold 
and the action of T is Hamiltonian. Therefore, to prove that M satishes 
properties 1-3, it suffices to prove the following theorem. 

Theorem 2.2. For every subtorus H ofT, the map 

O = G/T G/K = M (2.4) 

sends onto . 


Proof. Let po be the identity coset in M and qo the identity coset in O. Let 
h be an element of H with the property that 

{h^ ; —oo < N < oo} 


is dense in H. li p = gpQ G M^, then g ^hg £ K] so g ^hg = ata with 
a £ K and t £ T. Thus hga = gat and hence hq = q, where q = gaqo. But 


under the map (^), qo is sent to po, so q is sent to gapo = gpo = p. 


□ 


In particular. Theorem 2.2 tells us that the map is surjective. 

However, 

= Ng{T)/T = Wg , 


so is the image of Wg = Ng{T)/T in G/K. But NG{T)nK = Nk{T), 
the normalizer of T in iL, so 

{NG{T)nK)/T = WK , 


and hence we proved: 


Proposition 2.2. There is a bijection 

~ Wg/Wk ; 

in particular, Wg = Ng{T)/T acts transitively on M^. 
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2.2.4. Points stabilized by codimension one subgroups. Next we compute the 
connected components of the sets , where H is a codimension one sub¬ 
group of T. Let X be one of these components. Then ^ 0. Moreover, 
since M is simply connected, it is orientable, and hence every connected 
component of is orientable. So, if X is not an isolated point of M^, 
then it has to be either a circle, a 2-torus, or a 2-sphere, and the first two 
possibilities are ruled out by the condition ^ 0. We conclude: 

Theorem 2.3. Let H be a codimension one subgroup of T and let X be a 
connected component of . Then X is either a point or a 2-sphere. 

Remark. By the Korn-Lichtenstein theorem, every faithful action of on 
the 2-sphere is diffeomorphic to the standard action of “rotation about the 
z—axis”. Therefore the action of the circle = T/H on the 2-sphere X 
in the theorem above has to be diffeomorphic to the standard action. In 
particular, ffX'^ = 2. 

We now explicitly determine what these 2-spheres are. By Theorem |2.2| , 
each of these 2-spheres is the conjugate by an element of Ng(T) of a 2-sphere 
containing the identity coset po € M = GfK; so we begin by determining 
the 2-spheres containing pQ. 

2.2.5. The space q/I. The tangent space Tp^M can be identified with g/t, 
and the isotropy representation of T on this space decomposes into a direct 
sum of two-dimensional T—invariant subspaces 

TpoM = ©Vja] , (2.5) 

labelled by the roots modulo ±1, 

a G Ag,k/ ± 1 . (2.6) 

One can also regard this as a labelling by the positive roots in Ag,k] however, 
since this set of positive roots is not fixed by the natural action of Wk 
on Ag,k, this is not an intrinsic labelling. (This fact is of importance in 
Section when we discuss the existence of G—invariant almost complex 
structures on M.) Now let LI be a codimension one subgroup of T, let I) C t 
be the Lie algebra of H, and let be the set of LL—fixed points. Then 

Tp,M^ = {Tp,M)^ . 

Hence, if X is the connected component of containing pQ, and if X is 
not an isolated point, then (Tp^M)^ has to be one of the Vjoj’s in the sum 
). Hence the adjoint action of H on g/I has to leave V[a] pointwise fixed. 
However, an element g = expt of T acts on V^a] by the rotation 

^ _ f cos a{t) - sin a{t)\ , . 

“ Vsina(t) cosa(t) ) ’ ^ 

so the stabilizer group of Vja] is the group 

Ha = {9 ] Xa{g) = 1 } • 


( 2 . 


( 2 . 8 ) 
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Let C{Ha) be the centralizer of in G and let Ga be the semisimple 
component of G{Ha). Then Ga is either 517(2) or 50(3), and since Ga is 
contained in G{Ha), GaPo is fixed pointwise by the action of H. Moreover, 
since Ga ^ K, the orbit GaPo can’t just consist of the point po itself; hence 

GaPo = . (2.9) 


The Weyl group of Ga is contained in the Weyl group of G and consists 
of two elements: the identity and a reflection, a = aa, which leaves hxed 
the hyperplane kera C t, and maps a to —a. Therefore, since a 0 A/f, 
CaPo 7^ Po-, and hence po and aaPo are the two T—fixed points on the 2- 
sphere (p.9D . 

Now let p = wpQ be another fixed point of T, with [rc] G WqIWr- Let a 
be a representative for w in Ng{T) and let : G —> G be the left action of 
a on G. If X is the 2-sphere (|2.9|) , then the 2-sphere La{X) intersects 
in the two fixed points rcpo and waaPo, and its stabilizer group in T is the 
group 

aHaa~^ = wHaW~^ = H^a , ( 2 . 10 ) 


where Ha is the group (2.8). 


2.2.6. The GKM graph of M. This concludes our classification of the set 
of 2-spheres in M which are stabilized by codimension one subgroups of 
T. Now note that if X is such a two-sphere and H is the subgroup of 
T stabilizing it, then the orbit space X/T consists of two T—fixed points 
and a connected one dimensional set of orbits having the orbitype of T/H. 
Thus these X’s are in one-to-one correspondence with the edges of the GKM 
graph of M. Denoting this graph by T we summarize the graph-theoretical 
content of what we’ve proved so far: 

Theorem 2.4. The GKM data associated to the action of T on the homo¬ 
geneous space M = G/K is the following. 

(1) The vertices of T are in one-to-one correspondence with the elements 
ofWa/WK; 

(2) Two vertices [rc] and [tc'] are on a common edge of T if and only if 
[tc'] = [wcTa] for some a G Xq^k; 

(3) The edges ofV containing the vertex [rc] are in one-to-one correspon¬ 
dence with the roots, modulo ±1, in the set Ac^Ki 

(4) If a is such a root, then the stabilizer group (El) labelling the edge 
corresponding to this root is the group (ED- 

In particular, the labelling (^]^) of the graph T can be viewed as a labelling 
by elements [a] of Aq/ ± 1. We call this labelling a pre-axial function. 


2.2.7. The connection on T. One last structural component of the graph T 
remains to be described: Given any graph, T, and vertex, p, of T, let Ep be 




HOMOGENEOUS SPACES 


9 


the set of oriented edges of T with initial vertex p. A connection on F is a 
function which assigns to each oriented edge, e, a bijective map 


Of.. : E„ 


Ef, 


where p is the initial vertex of e and q is the terminal vertex. The graph 
r described in Theorem ^ has a natural such connection. Namely, let e 
be the oriented edge of T joining [re] to [waa]- If e' G is the oriented 
edge joining [tc] to [wap], then let 9f.{e') = e", where e" is the edge joining 
[waa\ to [waaap]. This connection is compatible with the pre-axial function 
(1.1) in the sense that, for every vertex p, and every pair of oriented edges, 
e, e' G Ep, the roots labelling e, e', and e” = 6f,{e') are coplanar in t*. 


2.2.8. Simplicity. A graph is said to be simple if every pair of vertices is 
joined by at most one edge. Most of the graphs above don’t have this 
property. There is however an important class of subgroups, K, for which 
the graph associated with G/K does have this property. 


Theorem 2.5. IfK is the stabilizer group of an element oft, then the graph 
T is simple. 


Proof. A root a G is in Ak if and only if the restriction of a to the 
subspace t^^ of t is zero. Let a,P€ Ag,k such that a ^ ±/3, and let a^, ap 
be the reflections of t defined by a and (3. Then cJq ^ ap and the subspace 
of 1 fixed by a^ap is the codimension 2 subspace on which both a and (3 
vanish. If Oaap G Wk, then this subspace contains so a and (3 are 

both vanishing on contradicting our assumption that a, f3 ^ A^. Q 

Another way to prove Theorem |2.5| is to observe that M = G/K is a 
coadjoint orbit of the group G. In particular, it is a Hamiltonian T—space 
and T is the one-skeleton of its moment polytope. 


2.3. The GKM definition of the cohomology ring. We recall how the 
data encoded in the GKM graph determines the equivariant cohomology 
ring The inclusion i : —> M induces a map in cohomology 

i* : H^{M) = Maps(M^,S(T)) = Maps(ITG/IFx, S(T)) , 

and the fact that M is equivariantly formal implies that i* is injective. Let 
Hf{T) be the set of maps 

/ : Wg/Wk ^ S(T) (2.11) 

that satisfy the compatibility condition: 

f{[waa]) - /(H) G (u;a)S(T) . (2.12) 


for every edge {[w], [waa]) of T. 

The Goresky, Kottwitz and MaePherson theorem [pKM | asserts that 

~ i*{H^M)) = H^{r) . 

In the next section we construct a direct isomorphism between this ring 
and the Borel ring given in (2.1). 








10 


V. GUILLEMIN, T. HOLM, AND C. ZARA 


2.4. Equivalence between the Borel picture and the GKM picture. 

From the inclusion, i, of into M, one gets a restriction map 

i* : H^{M) ; (2.13) 


and, since M is equivariantly formal, i* maps H^{M) bijectively onto the 
subring of However, as we pointed out is Section |2.1|, 


Hm) ^ ^sa^ra Hn ; 

so, by combining ( 2.13| ) and ( p.lD , we get an isomorphism 

/c: ^ ^T(r) • 


(2.14) 


The purpose of this section is to give an explicit formula for this map. 
Note that since is a hnite set, 

= 0 h*t{p) = 0 S(r) = Maps(M^,S(r)) . 

peM^ p£MT 


Theorem 2.6. On decomposable elements, fi (8) f 2 , of the product dini). 

/C(/i ®h)=ge Maps{M^, S(f)) , (2.15) 

where, for w E Wq and p = wpo E 

g{wpo) = {wfi)f 2 ■ (2.16) 

Proof. We first show that (|2.15D and ( |2.16D do define a ring homomorphism 
of the ring (^d]) into To show that (|2.16|) doesn’t depend on the 

representative w chosen, we note that if wpo = w'po, then a = w{w')~^ E 
Wk- Thus 

g{w'po) = {w'fi)f 2 = {wafi)f 2 = {wfi)f 2 = g{wpo) , 
since /i E S(t*)'^^. Next, we note that if / E 8(1*)'^'^, then 

/C(/l/®/2) = /C(/i®//2), 

since 

'w{fif)f2 = {wfi){wf)f2 = {wfi)ff2 . 

Thus, by the universality property of tensor products, /C does extend to a 
mapping of the ring (|2.lD into the ring Maps(M^, S(t*)). Next, let a be a 
root and let cj E Wq be the reflection that interchanges a and —a and that 
is the identity on the hyperplane 

[) = {e E t; a(0 = 0} . 

Suppose that p and p' are two adjacent vertices of T with p' = ap. To 
show that g = /C(/i ® / 2 ) is in Hf(T), we must show that the quotient 

gjp') - g{p) 

a 

is in S(t*). However, if p = wpo, then 

g{p') - g{p) = {crwfi - wfi)f 2 , 
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and since a is the identity on i), the restriction of the polynomial wafi to t) 
is equal to the restriction of the polynomial wfi to f); hence 


dip') - g{p) 


a 


G S(t* 


Finally, we show that the map JC defined by (2.15) and ( 2.16D has the 
same equivariance properties with respect to the action of the Weyl group 
Wg as does the map ( p.l4| ). Note that under the identification & , the 
action of Wg on H^{M) becomes the action 


w{fi 0 /2) = /i 0 wf2 , 


since in the right hand side of ( |2.1D , the first factor is so Wg acts 

trivially on it. In particular,the ring of IFg— invariants in H^{M) is 

§(t*)VUx , 

which is consistent with the identifications 


H*q{M) = S(e*) = . (2.17) 

On the other hand, the action of Wg on the space 

= Maps(M^,§(t*)) 


is just the action 


{wg){p) = w{g{w V)) ; 


so to check that the map /C defined by ( 2.15| ) and (p.l€ ) is bFc—equivariant, 
we must show that if 


g = /C(/i 0 / 2 ) and c/"' = /C(/i 0 10/2) , 
then for all points p = apo, 


g^{p) = {wg){p) . 


However, 

g^ijp) = {afi){wf 2 ) = w{{w~^afi)f 2 ) = wg{w~^p) = {wg){p) . 

Let us now prove that the map JC coincides with the map ( p.l4| ) . We first 
note that /C is a morphism of S(t*)—modules. For / G §(t*), 

ICifl 0 f2f) = JCifl 0 f2)f ■ 

Thus, it suffices to verify that 1C agrees with the map ( p.l4|) on elements of 
the form /i 0 1. That is, in view of the identification ( pT7[) , it suffices to 
show that /C, restricted to 01, agrees with the map ( p.l^ , restricted 

to . However, if / G , then i*f G , so it 
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suffices to show that i* f and /C(/ 0 1 ) coincide at po, the identity coset of 
M = GjK. This is equivalent to showing that in the diagram below 


the bottom arrow is the identity map. However, the bottom arrow is 
clearly the identity on = C and the two maps on the top line are 

module morphisms. □ 


3. Almost complex structures and axial functions 


3.1. Axial functions. A G—invariant almost structure on M = G/K is 
determined by an almost complex structure on the tangent space Tp^M, 

Jpo -Tp^M ^ 0/t ^ 0/t . 

For an arbitrary point gpo G M, the almost complex structure on 


Tgp^M = {dLg)pQ(TpQM) 

is given by 

Jgpo{{dLg)pQ (A)) = {dLg)p,{Jp,{X)) , 

for all A G 0 /t. This definition is independent on the representative g chosen 
if and only if is A—invariant. Therefore G—invariant almost complex 
structures on G/K are in one to one correspondence to A—invariant almost 
complex structures on q/1. 

If M = G/K has a G—invariant almost complex structure, then the 
isotropy representations of T on Tp^M is a complex representation, and 
therefore its weights are well-defined (not just well-defined up to sign). Let 

Tp,M = Q/t = ^Vyp^ 

m 


be the root space decomposition of 0 / 6 . Then is a one-dimensional 
complex representation of T; let /3 G {±/3} be the weight of this complex 
representation: 

exp t ■ Xp = , for alH G t. 

Thus, the map 

•S : ^g,a:/±1 ^ ^G,K , s([/3]) = p , (3.1) 


is a HV-equivariant right inverse of the projection Ag,k —^ 
Let Aq C Ag,k be the image of s. 

The existence of a map (3.1) is equivalent to the condition 


Ag,r/{±1}. 


wa 7 ^ —a 


for all w G Wk , a G = Aq — Ak 


(3.2) 
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hence (3.2) is a necessary condition for the existence of a G—invariant almost 
complex structure on M. We will see in the next section that this condition 
is also sufficient. 

We can now define a labelling of the oriented edges, E-p, of the GKM 
graph r, as follows. Let [re] G Wq/Wk be a vertex of the graph and let 
e = ([tc], [waf^]) be an oriented edge of the graph, with (5 € Aq. This edge 
corresponds to the subspace (see (| 2 . 1 C 1 |) ) in the decomposition 


T[w]M — ^ '^[wP] 5 
/3gAo 

and the G—invariance of the almost complex structure implies that T acts 
on with weight wp. We define a : £'r —> t* by 

a([t(;], [lucr^]) = wP , for all /3 G Ao,tc G Wq ■ (3-3) 


Theorem 3.1. The map a : Ep —> t* has the following properties: 

1. If ei and e^ are two oriented edges with the same initial vertex, then 
a(ei) and 0 ( 62 ) are linearly independent; 

2. If e is an oriented edge and e is the same edge, with the opposite ori¬ 
entation, then a{e) = —a(e); 

3. If e and el are oriented edge with the same initial vertex, and if e" = 
6e{e'), then a(e") — a(e') is a multiple of a{e). 

Proof. The first assertion is a consequence of the fact that the only multiples 
of a root a that are roots are ±a. 

If e is the oriented edge that joins [tc] to [wap] and that is labelled by 
wP G wAq, then 

a(e) = {wap){P) = —wP = —a(e) . 

Finally, if e joins [tc] to [wap] and if e' joins [rc] to [waP\ (with /3,7 G Aq), 
then e" joins [wap] to [wapaP\, and 

a{e") — a{e) = wap'y — w'y = w{ap'y — 7 ) = —{ 7 , P)wP = —( 7 , P)a-{e) . 

□ 


Equivalently, Theorem ^ says that a : Ep — > t* is an axial function 
compatible with the connection 6, in the sense of [GZ1|. 


3.2. Invariant almost complex structnres. As we have seen in Sec¬ 
tion 3.1, (3.2) is a necessary condition for the existence of a G—invariant 
almost complex structure on M = GfK] in this section we show that it is 
also a sufficient condition. 


Theorem 3.2. If the eondition 

wa 7 ^ —a , for all w G Wk , a G Aq^k = Aq — Ajp , 
is satisfied, then M admits a G—invariant almost eomplex structure. 
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Proof. Consider the complex representation of K on ( 0 /€)c = 0 c/ 6 c and let 

( 0 /«)c = 0 ^j 
3 

be the decomposition into irreducible representations; ( 0/^)0 is self dual, 
hence 

© L = (B/t)c = (B/e)l = © r/ = © Ti 

3 3 3 

Therefore Vj = Vi for some 1. If a is a highest weight of Vj, then condition 
) implies that —a is not a weight of Yj\ however, —a is a weight of V^-, 
hence Vj ^Vj. Therefore 

{Q/^)c = ®{Vj®Vj) = U®U 
3 

as complex /f—representations, and this induces a X—invariant almost com¬ 
plex structure 

J: 0/t ^ 0/e 

as follows: If a: G 0 /e, then there exists a unique y G 0 /e such that x+iy G U, 
and we define J{x) = y. As we have shown before, this is equivalent to the 
existence of a G—invariant almost complex structure on M. □ 




An alternative way of proving Theorem is to observe that the con¬ 
dition is equivalent to the existence of a ITr-— equivariant section 

s : Ag^;^/±1 —> Ac,k- Let s be such a section and let Aq C Aq — Ak 
be the image of s. Then (see (|2.5D ) 

B/> = © 

aSAo 

and one can define a AT—invariant almost complex structure J by requiring 
that for each a G Aq, J acts on by 


4. Morse theory on the GKM graph 


4.1. Betti numbers. Henceforth we assume that M admits a G—invariant 
almost complex structure, determined (see (^)) by the image Aq C Ag,k 
of a section s : Ag^k/®^ —> Ag,k- Let T be the GKM graph of M and let 


a : Pp —^ t* 


be the axial function (|3.3D . Then the edges whose initial vertex is the identity 
coset in WgIWk are labelled by vectors in Aq. 

Let G t be a regular element of t, i.e. 


PiO ^ 0 , for all /3 G Ag C f . 
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For a vertex [w] G PFc/Wic, define the index of [u;] to be 

ind^w] = #{e S -E[^] ; a(e)(0 < 0 } , 

and for each A: > 0, let the A;—th Betti number of F be defined by 

Pk{r) = #{[!/;] G Wg/Wk ; ind[^] = k} . 

The index of a vertex obviously depends on but the Betti numbers do 
not. 


Theorem 4.1. [|GZ1 | The Betti numbers /3fc(F) 
ants o/F (^i.e. are independent of ^). 


are combinatorial invari- 


In general these Betti numbers are not equal to the Betti numbers 

P 2 kiM) = dim H^\M) 

of M = GjK', however, we show in the next section that there is a large 
class of homogeneous spaces for which they are equal. One should note that 
P 2 k{M) is the dimension of the ordinary cohomology of M as a veetor space, 
while /3fc(F) counts the number of generators of degree 2k of the equivariant 
cohomology ring of M, as a free module over the symmetric algebra S(t*). 


4.2. Morse functions. Let ^ G t be a regular element. 

Definition 4.1. A funetion f : ^ is ealled a Morse function 

eompatible withf if for every oriented edge e = ([tc], [in']) of the G KM graph, 
the condition f{[w']) > f{[w]) is satisfied whenever Q;(e)(^) > 0. 

Morse function do not always exist; however, there is a simple necessary 
and sufficient condition for the existence of a Morse function: Every regular 
element G t determines an orientation of the edges of F: an edge 
e G Ey points upward (with respect to if OeCO > 0, and points downward 
if ae(0 < 0- The associated directed graph (r,og) is the graph with all 
upward-pointing edges. 

Proposition 4.1. There exists a Morse funetion eompatible with ^ if and 
only if the direeted graph (F,o^) has no cyeles. 

4.3. Invariant complex structures. In this section we show that the 
existence of Morse functions on the GKM graph, which is a combinatorial 
condition, has geometric implications for the space M = GfK. 

Theorem 4.2. The GKM graph (F, a) admits a Morse function compatible 
with a regular ^ G t i/ and only if the almost eomplex structure determined 
by a is a K—invariant eomplex strueture on M. Moreover, if this is the 
ease, then the combinatorial Betti numbers agree with the topologieal Betti 
numbers. That is. 


bk{r) = b2k{M) 
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Proof. Let / : WqIWk ^ K be a Morse function compatible with and 
let [re] be a vertex of the GKM graph where / attains its minimum. If 
we replace ^ by and / by then the minimum of this new 

function is pq. Thus, without loss of generality, we may assume that the 
minimum vertex [re] is the identity coset in WqIWk- Then 

Ao = {/3 G Ag,a- ; /3(0 > 0 } , 

hence Aq is the intersection of ^q^k with the positive Weyl chamber deter¬ 
mined by Let 

p = tc ® 0/3) • 

/3gAo 

Then p is a parabolic subalgebra of gc; hence the almost complex structure 
determined by a is actually a complex structure. 

If Gc is the simply connected Lie group with Lie algebra gc and if P is 
the Lie subgroup of Gc corresponding to p, then 

M = GjK = GejP , 

hence M is a coadjoint orbit of G. Then M is a Hamiltonian T—space 
and the GKM graph of M is the 1-skeleton of the moment polytope, and 
therefore the combinatorial Betti numbers agree with the topological Betti 
numbers. 

On the other hand, if the almost complex structure is integrable then p 
is a parabolic subalgebra of gc, M = GjK C g* is a coadjoint orbit of G, 
and for a generic direction ^ G t C g, the map / : WqIWk 1^ given by 

/(N) = (M,0 

(with WqIWk GIK g*) is a Morse function on the GKM graph 
compatible with □ 

5. Examples 

5.1. Non-existence of almost complex structures. Let G be a compact 
Lie group such that gc is the simple Lie algebra of type B 2 - Let ai,ai + 02 



Figure 1. 


be the short positive roots and let 02 , «2 + 2ai be the long positive roots. 
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Let K be the subgroup of G corresponding to the root system consisting of 
the short roots. Then = D 2 = Ai x Ai and K ~ SU{2) x SU{2). The 
quotient WqIWk has two classes: the class of G Wk and the class of 
aa2 G Wg - Wk- 

The GKM graph T has two vertices, joined by two edges, and the edges 
are labelled by [ 0 : 2 ], [ 0:2 + 2ai] G li w = C7ai+a2^ai £ Wk, then 

wa 2 = —02 and 0:2 G Aq^k, hence one can’t define an axial function on T. 
In this example, G/K = which is does not admit an almost complex 
structure. 

5.2. Non-existence of Morse functions. Let G be a compact Lie group 
such that 0 c is the simple Lie algebra of type G 2 . Let 01,01 + 02 ) and 
2 oi + 02 be the short positive roots and let 02 , 202 + 801,02 + 3oi be the 
long positive roots. Let K be the subgroup of G corresponding to the root 
system consisting of the short roots. Then Jc = A 2 and K ~ SU{3). The 
quotient WqIWk has two classes: the class of G Wk and the class of 
aa2 G Wg — Wk- 



The GKM graph T has two vertices, joined by three edges, and the edges 
are labelled by [a2],[2o2 + 3oi],[o2 + 3oi] G Ag,k/A1. There are two 
VLK—equivariant sections of the projection Ag,k —^ Ag,a'/± 1 ) correspond¬ 
ing to { 02,02 + 3ai, — 2q;2 — 3q:i} and {— a 2 : —012 — 3ai, 2a2 + 3ai}. If 

Aq = {0:2) 0:2 + 3q;i, —2a2 ~ 3 q;i} , 

then the axial function is shown in Figure § and there is no Morse function 
on T: the corresponding almost complex structure is not integrable. In this 
example, G/K = S'®, which admits an almost complex structure, but no 
invariant complex structure. 

5.3. The existence of several almost complex structures. Let G = 

SU{3) and K = T. Then the homogeneous space G/K is the manifold of 
complete flags in C®. The root system of G is ^ 2 ) with positive roots oi, 02 ) 
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and «! + a 2 of equal length. The Weyl group of G is Wq = the group 
of permutations of {1, 2, 3}, and Wk = 1, hence WqIWr = Wq = S^. 

The GKM graph is the bi-partite graph ; it has 6 vertices and each 
vertex has 3 edges incident to it, labelled by [oi], [ 02 ], and [ai + 02 ]- There 
are 2^ possible lTx~invariant sections, hence eight G—invariant almost com¬ 
plex structures on G/K. If 

Aq = {«!, 02, «i + 0 : 2 } , 

then the corresponding almost complex structure is integrable and there is a 
Morse function on T compatible with ^ G t such that both ai(0, and 02(0 
are positive. This Morse function is given by f{w) = i{w) where i{w) is the 
length of w, i.e., in this case, the number of inversions in w. 



(123) 

(123) 

(a) 

(b) 


Figure 3. 


However, if 

Aq = {Ol, 02, —oi — 02} , 

then the corresponding almost complex structure is not integrable and there 
is no Morse function on (T, o) : for every vertex w of T, there exist three 
edges ei, 62 , and 63 , going out of w, such that 

Oei + Oej + Oe3 = 0 , 

hence there is no vertex of T on which a Morse function compatible with 
some ^ G i can achieve its minimum. 
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